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A GAS PENDULUM

L. V. Ovsyannikov UDC 533

It is shown that a periodic two-dimensional isentropic motion of a gas exists and it is described
by an ezact solution of the equations of gas dynamics. A polytropic gas that fills a circular
cylinder rotates and oscillates (in the radial direction) simultaneously under the action of
periodically changing external pressure. The solution obtained belongs to the class of solutions
with a velocity field that is linear in the coordinates (with homogeneous deformation).

Introduction. The regimes of motion of a gas (or a liquid) under homogeneous deformation has long
been studied and is dealt with in a large body of literature (see, e.g., [1]). We recall that for a polytropic gas
with an adiabatic exponent v > 1, one class of these regimes of motion is governed by the formulas

g=M¢  u=M p=(y-Dm7gh), p=mTlg(h), (0.1)

where £ € R™ and £ € R" are, resﬁectively, the Cartesian and the Lagrangian coordinates of the gas particles,
u is the velocity vector, M = M (t) is an (n x n) nondegenerate matrix (n = 2, 3), g(h) > 0 is an arbitrary
differentiable function, ¢’(h) > 0 is its derivative; the quantities m(¢) and h(¢) are such that:

m=det M>0, h=c¢l§?/2 (e==1). (0.2)

The dot above M and other quantities denotes differentiation with respect to time ¢. The quantities (0.1)
and (0.2) are an exact solution of the equations of gas dynamics provided that the matrix M satisfies the
equation

M4e(y=1)m!™ "Mt =0, (0.3)

in which M1 is the inverse of the transposed matrix M,.

Equation (0.3) is a dynamic system of order 2n? for the n® elements of the matrix M = (M;;). This
system has n? — n + 1 first integrals, which were first found in [2], namely, the integrals of the moment of
momentum

MM, — MM, = J,
the vorticity integrals
MM~ M.M =X
and the energy integral
3 3 M3 =emlT 4+ E,
ij
where J and X are (n x n) arbitrary constant skew-symmetric matrices and E is an arbitrary constant (for

a more general case, the integrals X and F were obtained in [3]). Anisimov and Lysikov [4] inferred that for
v ={(n+2)/n, system (0.3) has the additional integrals
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> ME =2Et*+ At + B,
in

where A and B are constants. In the case n = 2 (y = 2), these were used in [4] to show that the corresponding
system (0.3) can be integrated in quadratures.

The quantity £ = +1 and the function g(h) can be used to develop various specific physical models
for motion of a gas. For example, for ¢ = —1, Dyson (2] considered a “gas cloud” model that corresponds
to g = exp (k). Moreover, for € = —1, a choice of a finite function g(h) gives examples of expansion of a
gas ellipsoid into vacuum. Setting € = 1, one can consider the motion of a gas ellipsoid under the action of
external pressure that varies with time. Isentropic motion of a gas corresponds to the choice of g according
to the relation g(¢’)~" = const, which leads to the function

g = (co + c1h)/O~D (co, €1 = const). (0.4)

Below, we consider a simple example of an exact solution that describes the two-dimensional motion
(n = 2) of a gas cylinder under the action of external pressure.
1. Model of Motion of a Cylinder. For n = 2, we consider the matrix

a b
M= ( _b a), M7 P=m M, m=ad®+b. (1.1)
In this case, the dynamic system (0.3) reduces to the equations
ca+e(y—1)ma=0, b+e(y - 1)m~"b =0. (1.2)
Here J and X satisfy the relation J + % = 0, which implies that system (1.2) has the two first integrals
ba—ab=j (j=const), a2 +b% =em!~7 4+ 2F. (1.3)
In the polar coordinates
a= ml/zcos,B, b=m?sing, (1.4)
system (1.3) becomes
B=—j/m (1.5)
m?=4f(m),  f(m)=em? 7 +2Em — j2. (1.6)

Thus, the dynamic system (1.2) can be integrated in quadratures.
The kinematics of motion of the gas described by these solutions can be clearly demonstrated with the
use of the polar coordinates
(z,y) = r(cos p,sin p), (§,n) = o(cos@,sing)
in terms of the radial (V;) and the circumferential (V,,) components of the velocity vector u = (u,v):
V, = ucosy + vsinyp, V, = —~usiny + vcos .
Using Eqs. (1.3)—(1.5), one readily obtains the expressions
V, = rm/(2m), Vo =rj/m, r=om!/? (1.7)
It follows that at each moment, the distribution of the circumferential velocities is identical to that for rigid-
body rotation with angular velocity {2 = j/m and the distribution of the radial velocities is proportional to
the radius r. Without loss of generality, we assume that the region occupied by the gas is bounded by the
surface of a cylinder Cg of radius R that corresponds to the value o = 1, i.e., R = rI . Then, R = [m(t)]*/?,
the radial velocity of motion of the surface Cg is 7

Ve = Rin/(2m), (1.8)

866



and the entire cylinder rotates with angular velocity Q = j/m. In this case, the region occupied by the gas
is assumed to be inside Cp, i.e., for r < R or ¢ < 1. Using formula (0.1), we determine the pressure on Cg:

pr=(y—1)m™"7g(1/2). (1.9)

Determination of the possible modes of specific motion of the gas in model (1.1) is reduced to analysis
of solutions of the key equation (1.6). They depend strongly on the signs of the three quantities: ¢, v — 2,
and E.

Real solutions of Eq. (1.6) are possible only in the intervals A € (0 < m < 00) in which f(m) > 0. For
¢ = —1, the condition E' > 0 must hold. In this case, for any v > 1, an interval A = (mg,0) with mg > 0
exists, and the corresponding solutions describe unbounded expansion of the gas cylinder Cr into vacuum.
Fore = 1, v > 2, and any E, there exists an interval A = (0, mp) which corresponds to the motion of Cg
with collapse of the density and pressure on the axis 7 = 0. If ¢ = 1 and v < 2 an oscillation mode of the
motion of Cg is possible, which is discussed in Sec. 2.

2. Pulsation of the Cylinder. Let ¢ =1, v < 2, and E < 0. In this case, the expressions

fi(m)=Q@-7m'""+2E,  f'(m)=(2=7)(1-7m™"

imply that the function f(m) is convex upward and has a maximum at the point m, determined from the
relation

(2—v)mi™ = 2|E|. (2:1)
At this point, the function f has the value

-1
flmy) = g—__7 9|E|m, — 72. (2.2)

Therefore, if quantity (2.2) is positive, there exists an interval A = (m;, m3), where 0 < m; < m < ma < 00,
in which f(m) > 0 and f(m;) = f(mz) = 0. Moreover, f'(m;) > 0 and f/(m2) < 0. Consequently, the
representation
f(m) = (m —m1)(m2 — m)F(m) (2:3)
is valid. Here F'(m) > 0 for m; < m < mg, and the quadrature
dm

VIm)

determines a periodic function m(t) with period

+ =2+C (2.4)

ma
7= [
VI(m)
m
Let m(0) = my for t = 0, which corresponds to the minimum radius R = ,/m7 of the cylinder Cgr
and the maximum external pressure on it determined by (1.9). For ¢ = 0, the gas rotates as a rigid body

with maximum angular velocity Q; = j/m1. For ¢ > 0, expansion of the cylinder begins according to the law
R = \/m(t), where m(t) is determined by the following formula [upper sign (plus) in (2.4)]:

(2.5)

m(t)

mi

and the pressure on the cylinder wall decreases monotonically until the value m = mg is reached at the
moment ¢; = T'/2, when Cp rotates again as a rigid body with angular velocity Q2 = j/mo < 1, and the
pressure on Cg is minimum. After that, compression of the cylinder occurs: m(¢) decreases according to the
formula [lower sign (minus) in (2.4)]
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m2
dm

f(m)

= 2(t —t1).
m(t)

The compression occurs up to the moment t2, when m(¢t) reaches the value m; once again; in this case, #2
is determined from the relation 2¢; = 2(¢2 — t1), whence ¢ = T'. For t = 2, the motion assumes the initial
mode (as for ¢t = 0), and further, the process is repeated with period T'. This motion can be called a “gas
pendulum” by analogy with the usual mechanical oscillations of a physical pendulum. The principal specific
feature of the “gas pendulum” is that it exists “eternally,” similarly to steady gas flows: it cannot be obtained
from the rigid-body rotation of the gas by external action on the boundary Cg over a finite time. Indeed, the
variation of the parameters of motion due to this action must propagate into the cylinder with a finite velocity,
whereas the motion mode of the “gas pendulum” is determined immediately in the entire cylinder C. In
view of this, experimental implementation of the “gas pendulum” can involve certain difficulties.

The pressure distribution in the “gas pendulum” is determined up to an arbitrary function g(k). In
particular, an isentropic “gas pendulum” is possible, where the pressure is given by formulas (0.1) and (0.4).
Moreover, a vacuum region (r = 0) can occur in the neighborhood of the axis (p = 0); to obtain this region,
it suffices to choose values cy < 0 and ¢; > 2|cp| in (0.4).

3. Normalization and Example. The dynamic system (0.3) admits (in the Lie sense) a large
group of transformations of the space R!(t, M), which deserves a separate discussion. Here we use only an
admissible one-parameter group of extension, which, in the case of two-dimensional motion (n = 2), is given
by the formulas

t=k, M=kM, m=FEm (3.1)
with the extension parameter k > 0. As applied to system (1.1)—(1.3), this leads to the following transfor-
mation of the constants:

j=k", E=kK"VE. 3.2)
One can easily verify that the key equation (1.6) and its integrals (1.3) remain invariant for transformations
(3.1) and (3.2).
Using (3.1), one can normalize the solution so that m} = 1, for which purpose it is necessary to set
k = /m.. According to-(2.1), the normalized solution is determined by Eq. (1.6) with 2|E| = 2 — v, ie.,
with the function
f(m) =m?>™7 = (2= y)m - 73, (3.3)
and according to (2.2), the condition of positive quantity f(m.) = f(1) assumes the form v > 1 + 2 It
follows that a normalized “gas pendulum” exists if 72 < v — 1 < 1 and oscillates with period T (2.5), where
f(m) is given by formula (3.3).
As an example, we consider the value v = 3/2, for which the period T is calculated exactly and is
independent of the quantity j2 < 1/2. Indeed, if one introduces the radius R = \/m of the cylinder Cg in
place of m, for y = 3/2, Eq. (1.6) becomes

2R?’R?* = (R— R)(R: — R),
where
Ri=1-+/1-2;52, Ry =1++/1-252. (34)

The quadrature yields the relation between £ and R

2arcsin | S - - F)(Fa - B = t/VE  (Ri<R<R) (3.5)

and the period T = 2v/2m.
The natural question of the existence of a spherical (n = 3) “gas pendulum” is still an open question.
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